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PARTIAL n-METRIC SPACES AND FIXED POINT THEOREMS 


SAMER ASSAF AND KOUSHIK PAL 

Abstract. In this paper we combine the notions of partial metric spaces with negative 
distances, Gp-metric spaces and n-metric spaces together into one structure called the 
partial n-metric spaces. These are generalizations of all the said structures, and also 
generalize the notions of G-metric and Gp-metric spaces to arbitrary finite dimension. 
We prove Cauchy mapping theorems and other fixed point theorems for such spaces. 


1. Introduction 

G abler introduced the notion of 2-nietric spaces as a possible generalization of 

metric spaces. The 2-metric d{x, y, z) is a function of 3 variables, and was intended by 
Gahler to be geometrically interpreted as the area of a triangle with vertices at x, y 
and z respectively. However, as several authors (for example, [5]) pointed out, Gahler’s 
construction is not a generalization of, rather is independent of, metric spaces. There are 
results that hold in one but not the other. 

This led B. G. Dhage, in his PhD thesis in 1992, to introduce the notion of a D-metric [2] 
that does, in fact, generalize metric spaces. Geometrically, D{x,y,z) can be interpreted 
as the perimeter of a triangle with vertices at x, y and z. Subsequently, Dhage published 
a series of papers attempting to develop topological structures in such spaces and prove 
several hxed point results. 

In 2003, Mustafa and Sims [10] demonstrated that most of the claims concerning the 
fundamental topological properties of D-metric spaces are incorrect. This led them to 
introduce the notion of a G-metric HU. The interpretation of the perimeter of a triangle 
applies to a G-metric too. Since then, many authors have obtained hxed point results for 
G-metric spaces. 

In an attempt to generalize the notion of a G-metric space to more than three variables, 
Khan hrst introduced the notion of a A-metric, and later the notion of a generalized n- 
metric space (for any n > 2) [6l (U- He also proved a common hxed point theorem for 
such spaces. 

In a completely diherent direction Steve Matthews, in his PhD thesis in 1992, introduced 
the notion of a partial metric space {X,p) [8l[9|, which is also a generalization of a metric 
space with the essential diherence that a point a; G A is allowed to have a nonzero self¬ 
distance, i.e., p{x,x) can be nonzero. Matthews proved a Gontraction Mapping Theorem 
for such spaces that generalizes Banach’s Fixed Point Theorem for metric spaces. S. J. 
O’Neill, in his PhD thesis in 1996, generalized Matthews’ dehnition of a partial metric 
to allow for negative distances [12] • In a recent work |U, the authors have improved on 
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Matthews’ Contraction Mapping Theorem in several ways, one of which is to make it 
work for partial metric spaces with negative distances in the sense of O’Neill. 

To combine the two notions of a G-metric and a partial metric, Zand and Nezhad 
introduced the notion of a G^-metric|13] in 2011. They worked with partial metric spaces 
in the sense of Matthews and proved a hxed point theorem for such spaces. 

In this paper, we combine all these concepts together. We work with partial metric 
spaces in the sense of O’Neill, i.e., we allow for negative distances, and combine them 
with G-metric and generalized n-metric spaces to get a structure that generalizes Gp- 
metric to arbitrary hnite dimension. We call such structures “partial n-metric spaces”. 
We also present a new dehnition of an n-metric space that generalizes Khan’s dehnition 
of a generalized n-metric space. Parallel to our earlier work on partial metric spaces 
with negative values (cf. [I]), we also prove Cauchy Mapping Theorems and other hxed 
point theorems for partial n-metric spaces in this paper. We should mention here that 
in our hxed point theorems we always restrict ourselves to the orbits of the concerned 
function and use conditions weaker than completeness, for example orbital completeness 
(cf. Dehnition l6.3p . to get a hxed point. Also, because we work with orbits, we potentially 
have a hxed point for each orbit of the function, which essentially means we loose the 
uniqueness of a hxed point. 


2. Definitions 

Notation: We denote a sequence {xi,..., Xk) by {xi)^^^. We denote a constant se¬ 
quence {x,x,..., x) of length k by {x)'‘^i, or simply by {x)\ (if the index i is understood 
from the context). 

For the rest of this paper, we hx n G K with n > 2. The following is the fundamental 
dehnition of this paper. 

Definition 2.1. A pair {X,G) is called a partial n-metric space if A is a nonempty set 
and G : X'^ —)• M is a function (called the partial n-metric) that satishes the following 
four conditions for all n-tuples (xi,..., Xn) G X'^ and for all x, i/ G A: 

(sep) G((x)’("\i/) = G((x)") A G((y)^“\x) = G((i/)^) x = y, 

(ssd) G((x) 7) < G((x)’(“\y), 

(sym) G((xj)”^;^) = G((x 7 r(i))"=i) where tt is a permutation of {!,... ,n}, 

(ptri) G((xi)"=i) < G((xi)”ri\ y) + G((?/)’("\ x„) - G{{y)^). 

We say (A, G) is strong if conditions (sep) and (ssd) are replaced by the condition 
(sssd) G((x)i) < G((x)i“^, y) for all x, y G A with x ^ y. 

And we say the self distances of (A, G) are bounded below r G M if for all x G A 

r<G((x)-). 

It should be noted that even though we don’t mention the “separation^' condition (sep) 
explicitly for strong partial n-metric spaces, it follows from condition (sssd) : ii x ^ y, 
then G((x)") < G((x)"“^, y); therefore, G((x)") = G((x)"“^,i/) x = y. So, strong 

partial n-metric spaces are indeed partial n-metric spaces. We show later (cf. Lemma [4. 71) 
that the separation condition (sep) is in fact equivalent to the more general condition 
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(sep’) G((t)”) = • • ■ = G{{x)1 ^ {y)\) = ■■■ = G{{y)^) x = y. 

In Section 3, we also show that there is a natural topology associated with a partial 
n-metric that makes {X, G) a topological space. 

Our main goal in this paper is to prove hxed point theorems for partial n-metric spaces. 
To do that, one usually needs to place some conditions on the function and/or on the 
underlying space. To that end, we use the following definitions, which are generalized 
versions of those given by Matthews HIE]. 

Definition 2.2. Let {X, G) be a partial n-metric space. A sequence (xm)meN is called a 
Cauchy sequence in (X, G) if there is some r G M such that 

lim G{xm^,... ,XmJ = r. 

An element a G A is called a limit of the sequence (xm)mGN if 

lim G'((a)r\Tj = G'((a)^). 

m^oo 

An element a G A is called a special limit of the sequence (xm)meN if 

lim G(xmi, • • • = lim G((a)i"\xm) = ^((a)!). 

mi,...,mn^oo m—>-cxD 

Finally, a partial n-metric space (A, G) is called complete if every Cauchy sequence 
{xm)meN in (-A, G) converges to a special limit a G A. 

We show later (cf. Lemmas 13 . 31 fc IXBH that these definitions of a limit and a special limit 
coincide with the topological definitions in two respective topologies developed in the next 
section. We also give equivalent definitions later of a Cauchy sequence (cf. Lemma 14.51) 
and of a special limit (cf. Lemma 14.61) that are more helpful in calculations. Although a 
limit of a sequence is not unique in general in a partial n-metric space, we show later that 
a special limit of a Cauchy sequence, if it exists, is in fact unique (cf. Lemma 03]). We 
also need some conditions on the function as given by the following definition. A remark 
about the notation: we write fx for /(x) and /"*x for f°^{x). 

Definition 2.3. Let (A, G) be a partial n-metric space and / : A —)• A be a map. We 
say f is non-expansive if it satisfies 

G{Uxi)U) < G{{x,)U) V(xi,..., x„) G AT 

Definition 2.4. Given a partial n-metric space (A, G), an element xq G A, and a map 
/ : A ^ A, we say / is Cauchy at xq if (/™'Xo)meN (the orbit of xq under /) is a Cauchy 
sequence in (A, G). And we say / is Cauchy if / is Cauchy at every x G A. 


Definition 2.5. Given a partial n-metric space (A, G), elements xo,zo G A, and a map 
/ : A —)■ A, we say / is orbitally continuous at xq for zq if 

zo is a limit of (/'"xo)meN fzo is a limit of (/'"xo)mGN 


i.e., 

lim G((zo)r',rxo) = G((zo)n ^ lim G((/zo)r',rxo) = G((/zo)^). 

m—>-cxD m^oo 

We say / is orbitally continuous at Xq if / is orbitally continuous at Xq for every z G A. 
And, we say / is orbitally continuous if it is orbitally continuous at every x G A. 
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The following are the main results of this paper. 

Theorem 2.6 (Cauchy Mapping Theorem for Partial n-Metric Spaces). Let {X,G) be a 
partial n-metric space, xq ^ X be an element, and f : X ^ X be a map such that f is 
Cauchy at Xq with special limit a E X. Further assume one of the following holds: 

(1) / is non-expansive and orbitally continuous at Xq for a; 

(2) / is orbitally continuous at xq for a and the self distances of {X, G) are bounded 
below by G{{fa)i); 

(3) / is non-expansive and the self distances of {X,G) are bounded below by G{{a)f). 
Then a is a fixed point of f. 

As it turns out, things are much simpler for a strong partial n-metric space as we need 
fewer conditions for a hxed point to exist. 

Theorem 2.7 (Cauchy Mapping Theorem for Strong Partial n-Metric Spaces). Let (X, G) 
be a strong partial n-metric space, Xq G X, and f : X ^ X be a map such that f is Cauchy 
at Xq with special limit a E X. Further assume one of the following holds: 

(1) / is non-expansive; 

(2) / is orbitally continuous at Xq for a. 

Then a is a fixed point of f. 


3. Topology 

Let {X, G) be a partial n-metric space. We dehne an open ball as: 

Bfix) ■.= {y\G{{x)f-\y)-G{{x)f)<e} 

for x G X and e G It is easy to see that these balls are nonempty for e > 0, and 

empty for e < 0. We now show that these balls form a basis for a Tq topology on X, called 
the partial n-metric topology, and is denoted by t[G]. Since the set of positive rational 
numbers is dense in it then follows that every point x E X has a countable local 
base given by {Bq{x) \ q E Q^°}. Hence, (X, G) is hrst countable as well. 

Lemma 3.1. The set {Bfix) | x G X, e G R^°} forms a basis for a topology on X. 

Proof. It suffices to show that for every ball Bfix) and every y G Bfix), there is 5 > 0 
such that y E Bfiy) C Bfix). So let y E Bfix). Then G{{x)f~^,y) — G{{x)'fi) < e. Set 

5-.= e-G{{x)r\y) + G{{x)f). 

Then h > 0, and hence y E Bs{y). Now let 2 : G Bs{y), i.e., G{{y)f~^, z) — G{{y)f) < 5. 
Then 

G{{x)r\z)-G{{x)f) < G{{x)r\y) + G{{y)r\z)-G{{y)f)-G{{x)f) 

< G{{x)f-\y)-G{{x)f) + 6 
= e. 

Thus, G Bfix), and hence Bsiy) F Bfix). □ 

Lemma 3.2. The partial n-metric topology t[G] on a partial n-metric space (X, G) is Tq. 
If (X, G) is a strong partial n-metric space, then t[G] is Ti. 
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Proof. Let y e X. Set := y) - G{{x)'f) and := G'((y)i"\ x) - G{{y)'f). 

If (X, G) is a partial n-metric space, then either > 0 or > 0 (by condition (sep)). 
Conseqnently, either y ^ B^^{x) or x ^ B^y{y). Thns, t[G] is Tq. 

If (X, G) is a strong partial n-metric space, then both e^, > 0 and > 0 (by condition 
(sssd)). Conseqnently, y ^ B^^{x) and x ^ B^^i^y). Thus, t[G] is Ti. □ 

As promised in Section 2, we now show that the dehnition of a limit of a sequence (cf. 
Dehnition I2.2p agrees with the topological dehnition of a limit in the topology t[G]. 

Lemma 3.3. Let (X, G) he a partial n-metric space, (xm)meN he a sequence in X , and 
a G X. Then 


a is a topological limit of {xm)mm in t[G] 


hm G((a)r\xJ = G((a)^). 


Proof. 


a is a topological limit of {xm)mm iii n[G] 

Ve > 0 3mo G M such that Xm G -Be (a) for all m > mo 

Ve > 0 3mo G N such that 0 < G((a)”“^, Xm) — G{{a)i) < e for all m > mo 


□ 


lim G((a)i , x^) = G((a)r). 

m^oo 

We now show that a partial metric space (X, p) gives rise to a partial n-metric. 
Example 3.4. Let (X, p) be a partial metric space. Dehne G : X'^ —)■ M as follows: 

n—1 n 

i=l j=i+l 

In particular, 

= ^^ p(x,x) and G{{x)^-^,y) = {n - l)p{x,y)+ ^ —^p(x,x). 

We leave it to the reader to verify that (X, G) is indeed a partial n-metric space. And if 
(X, p) is a strong partial metric space to start with, then (X, G) turns out to be a strong 
partial n-metric space. 

3.1. Associated metric. In a partial n-metric space (X, G), one can dehne a metric 
do ■ X X X ^ on X as follows: 

dG{x,y) := G{{x)r\y) - G((x)^) + G{{y)r\x) - G((y)^). 

Lemma 3.5. {X^dc) (with do as defined above) is a metric space. 

Proof. Let x,p G X. By condition (ssd), we have 

G((x)r \ y) - G((x)^) > 0 A G{{y)r\ x) - G((p)^) > 0. 
Consequently, dc^x^y) > 0 for all x,p G X. Moreover, 

dG{x,y) = t) ^ G'((x)r\p)-G((x)^) + G(( 2 /)r\x)-G((i/)") = 0 

^ G((x)r\p)-G((x);^) = 0 A G((p)rSx)-G((p)”) = 0 

X = y (by condition (sep)). 
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The condition of symmetry, i.e., dci^x^y) = dG{y,x) for all x,y E X, is obvious. 

Finally, by condition (ptri) of {X, G), we have for any z E X 

dG{x,y) = G{{x)r\y)-G{{xr,) + G{{y)r\x)-G{{yr,) 

< G{{x)r\z) + G{{z)r\y) -G{{zr,) -g^x^) 

+ G{{y)r\ z) + G{{z)r\ x) - GHz)-) - G{{y)-) 

= dGix,z) + dGiz,y). 

Thus, dc satishes the triangle inequality. And hence, (X, d^) is a metric space. □ 


As promised in Section 2 again, we now show that the dehnition of a special limit of 
a Cauchy sequence (cf. Dehnition 12.2p agrees with the topological dehnition of a limit in 
the metric topology r[d]. 

Lemma 3.6. Let (X, G) be a partial n-metric space, {xm)meN be a Cauchy sequence in 
(X, G), and a E X. Then 

a is a topological limit of {xm)mm in r[d] 

lim G((x,ni)r=i) = lim = G((a)i). 

mi >-oo m—>co 

In particular, (X, G) is a complete partial n-metric space if and only if it is complete in 
the usual sense with respect to the metric topology r[d]. 


Proof. 


a is a topological limit of (a;m)mGN in ^[d] 

Ve > 0 3mo E N such that for all m > mg 
0 < G{{a)--\ x^) - G{{a)-) + G{{x^)f-\ a) - 


< e 


lim G((a)i \xm) = G{{a)-) and lim {GHxra)1 , a) - G((x,n)i)) = 0 

m^oo m—>-oo 

lim G{{xmi)7=i) = G{{a)-) = lim G((a)i“\xm). 

mi,...,mn^oo m^oo 

The last equivalence follows by Lemma [4.61 


□ 


4. Zoo OF Limit Lemmas 

In this section, we prove a whole zoo of limit lemmas, and consequently show that the 
partial n-metric G is continuous in all its variables. We start by proving the following 
basic inequalities which will be useful to us for proving these limit theorems. 

Lemma 4.1. Let (X, G) be a partial n-metric space. Then for any Xi,..., x„, yi,..., 
x,y E X and 1 < k < n, we have the following: 

(a) G((x,)i„ {zH-Ch < G{{yHU, {zH^Ch + x,) - G{{y,)-,))■ 

(b) GiixHU < G{{yHU) + E;=i(G((%)r\x,) - G{{y,)-))- 

(c) Gi{x)f-\ y)<in- 1) Gi{y)--\ x) - (n - 2) Gi{y)f). 

(d) G((xi)r=i) < Ei=iG'((d)i - in-l)Gi{y)^). 
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Proof, (a) By repeated application of condition (ptri), we have that 

+ Gi{y,)r\x,) - G{{y,)f) 

k 

< G(fe)K.o)r.T.!/^-i.!/L+E (G(fe)r'.ii)-G((»)n 

j=k-l 

< ■■■ 

k 

< G{xu {z,)Zl‘, (G(te>r‘.ii) - G((!/j);) 

i=2 


< G({y,)l„ (z,)”.-p + [G({y,Yr'.^i) - G((»>r) 

i=i 

(b) This follows from (a) by taking k = n. 

(c) This follows from (b) by setting 

Xi = ■■■ = Xn-l = X, Xn = y, yi= X, y2 = ' ' ' = Un = U ■ 

(d) This follows from (b) by setting yi = ■ ■ ■ = yn = V- 


□ 


4.1. Properties of Limits. Now we list a set of properties of limits. 

Lemma 4.2. Let (X, G) be a partial n-metric space. Let (xm)meN be a sequence in (X, G) 
with a limit a E X. Let bi,... ,bn-i € X. Then, provided the following limits exist, we 
have 

(a) G{{x^:)U. < G{{a% for all l<k<n. 

(b) lim^j,...,^„^ooG((a:mi)r=i) < G{{a)^). 

(c) \immi,...,mk^ooG{{xmi)i=i, < G{{a)f) for all 1 < k < n. 

(d) hm^^ooG((x™)i“\a) < G{{a)^). 

Proof, (a) By Lemma [4. If a), we have for all mi,..., G M 

k 

G((x„,>t„ < G((a)f, (6.)”.-,*) + ^(G({a)r'.i™,) - G((a>?)). 

1 = 1 

Taking the limit as mi,..., m^ —)■ cxo and using Dehnition 12.21 we get that 

lim G((x™,)ii,(&.)r=t) 

mi ,...,m/g—>-oo 

k 

< G((a)f. (6.)”.-,*) + ^( lim G(«-‘.i,„,)-G((a)?)) 

f ^ rriA^oo 
1=1 

= G{{a)\,{hf)fl^). 

(b) This inequality follows from (a) by taking k = n. 

(c) This inequality follows from (a) by setting bi = ■ ■ ■ = bn-k = o, for any 1 < k < n. 

(d) This inequality follows from (c) by setting k = n—1 and mi = • • • = m„_i = m. □ 
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4.2. Properties of Special Limits. In this subsection, we show that if we restrict 
ourselves to Cauchy sequences and special limits of such sequences, then all the limits 
mentioned in the previous subsection exist and all the inequalities become equalities. 


Lemma 4.3. Let (X, G) be a partial n-metric space and {xm)meN be a Cauchy sequence 
in (X, G) with a special limit a G X. Let bi,, bn-i G X. Then 

(a) lim„^ooG'((xm)i”\a) = G{{a)^). 

(b) lim„,,„„,,,^oo G{{x^:)U, {h)^=i) = G{{a% {h)^^) for all l<k<n. 

(c) lim„,,„„,n„^ooG'((a;^,)^=i) = G{{a)^). 

(d) G{{xmi)i=i^ M all 1 <k <n. 

Proof. Since (xm)mGN is a Cauchy sequence with special limit a, we have 

lim G'((xmi)r=i) = G{{a)f~^,Xm) = G{{a)f). 

mi >-00 m—>-OD 

(a) Fix e > 0. By Lemma fd.ir ch we have for any m G N 

\ a) < (n - 1) G((a)r \ Xm) - (n - 2) G((a)"). 

Set e' := and choose Mi large enough such that G{{a)f~^, Xm) < G{{a)i) + e' for all 
m > Ml. Thus, for all m > Mi, we have 

G{{xm)r\a) < (n-1) (G'((a)^) + e')-(n-2) G{{a)f) = G((a)") + (n-l) e' = G'((a)^) + e. 
Conversely, by Lemma [4. li d again, we have for any m G M 

G((a)i“\ Xm) < (n - 1) G'((xm)i”\ a) - (n - 2) G{{xm)i), 


that is, 

G'((a)rS Xm) + (n - 2) G{{xjf) < {n - 1) G{{xjr\ «)• 

Set e" := e, and choose M 2 large enough such that G{{a)f~^, Xm) > G{{a)f) — e" and 
G{{xm.)i) > G{{a)i) — e" for all m > M 2 . Thus, for all m > M 2 , we have 

(n - 1) G'((xm)i"\a) > G((a)i“\xm) + (n - 2) G((xm)i) 

> {G{{ari)-e") + {n-2){G{{ari)-e") 

= (n-l)(G((a)")-e") 

^ G{{x^ri-\a) > G{{ari) - e" = G{{ari) - e. 

Setting M := max{Mi, M 2 }, we obtain that for all m > M 

0< |G'((xm)r',a)-G((a)")| <e. 

Since 0 < e is arbitrary, it follows that lirnm-j-oo G'((xm)i~^, a) = G{{a)f). 


(b) Fix e > 0. By Lemma fd.li aL we have for all mi,..., mn G M 
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Set e' := Using part (a), choose Mi large enough such that G{{xm)i o) < G((a)i) + 
e' and G{{xm)i) > G{{a)'l) — e' for all m> Mi. Thus, for all mi,,m„ > Mi, we have 

k 

G(Wt (i>i)r.T) < + I] [(G((a)';) + £') - (G({a);) - e')' 

i=i 


G{{x^^)li,{h)th + 2ke' 

G{{xm^)li,{h)--i^) + 2ne' 

G{{xm.)liAk)7=i) + e 

Conversely, by Lemma I4.1f al again, we have for all mi,..., m^ G N 

k 

G{{x.n.)tl, A)£*) < G((a)?. (6,)”.-*) + ^(G({o)r'.i„,) - G((a)';)). 

i=i 

Set e" := and choose M 2 large enough such that G{{a)i~^, Xm) < G{{a)i) + e" for all 
m > M 2 . Then for all mi,..., ruk > M 2 , we have 

k 

G((i„,)t.. (6.)”.y) < G((a)f, ((>,)'Ly) + ^ [(G((a);) + e") - G((a>r)' 

i=i 


< 


G{{a)l {b^)7=il - e < 


= G{{a)1,{k)--i^) + ke" 

< G((a)^,(6,)ILt) + ne" 

= G((a)t,(6,)ILt) + e. 

Setting M := max{Mi, M 2 }, we obtain that for all mi,..., m^ > M 

0 < \G{{x^,)li, (6.)r=t) - G((a)^ (6.)ILt)| < e. 

Since 0 < e is arbitrary, it follows that limm-ioo ^((^^,^^= 1 , {bi)^Gi) = G((a)}, {bi)^Gi). 


(c) This equality follows from (b) by taking k = n. 

(d) This equality follows from (b) by setting bi = ■ ■ ■ = b^-k = a, for any 1 < fc < n. □ 

Finally, we get the uniqueness of special limits as a corollary. 

Lemma 4.4. For each partial n-metric space {X, G) and each Cauchy sequence {xm)meN 
in (X, G), there is at most one special limit of {xm)mm ^■ 

Proof. Let a and b be two special limits of (xm)mGN in X- By Lemma [4.3f a). we have 

G((a)^)= hm G{{a)f-\xm) = G{{a)f-\b) 

m—>-oo 

GUb^i) = hm G((6)r\x™) = Gi{bri-\a). 

m—>-oo 

By condition (sep), it then follows that a = b. □ 

To end this section, we give equivalent definitions of a Cauchy sequence and a special 
limit of a Cauchy sequence and the equivalence of (sep) and (sep’) as promised in Section 
2. An equivalent condition for being a Cauchy sequence is the following. 
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Lemma 4.5. Let {xm)mm be a sequence in a partial n-metric space {X,G) and r G M. 
Then 

lim G{{xmi)7=i) = r lim = r. 

mi^...,mn—^oo mi,m2—yoo 


Proof. The left to right direction is trivial. So we prove the right to left direction. Assume 
limmi,m 2 ->-oo a^m 2 ) = e > 0. Set e' := and choose Mi G N large 

enough such that for all mi, m 2 > Mi, we have 

r - e' < G((xmi)i“\ Xm 2 ) <r + e'. 

By Lemma [ 4 .If d). we then have for all mi,..., mn > Mi 


G((Xra.)U) < EG((^m.>r‘.^™.)-("-l)G((l™.)?) 


t=l 


< 


^(r + e') - (n - 1) (r - e') 


t=i 


= r + (2?7, — l)e' 
= r + e. 


Conversely, set e" := and choose M 2 G M large enough such that for all mi, m 2 > M 2 

r-e” < G((xmi)i“\ Xm 2 ) <r + e". 

By Lemma [ 4 . If ah we then have for all mi,..., m„ > M 2 

n 

- a({x„)X) 

t=l 

n n 

t=l t=l 

n n 

(r-e") + ^(r-£")-^(r + e") 

t=l t=l 

r — {2n + l)e" 
r — e. 

Setting M := max{Mi, M 2 }, we obtain that for all mi,..., m„ > M 

r-e< G{{xmi)'l=i) < r + e. 

Since 0 < e is arbitrary, we obtain hmmi,...,m„-i^oo G{{xm,)?=i) =r. □ 

An equivalent condition for being a special limit of a Cauchy sequence is the following. 

Lemma 4.6. An element a E X is a special limit of the Cauchy sequence {xm)mm if and 
only if\im^^ooG{{a)'}~^,Xm) = G{{a)^) and lim^^oo(G((a:m)i"\ a) - G{{xm)f)) = 0. 

Proof. If a is a special limit of the Cauchy sequence (xm)mGN; then the first condition is 
trivially satisfied and the second follows by Lemma [4.3f a). 


G{{Xm,ri) < 
G{{Xm.)U) > 
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For the converse, assume the two given conditions hold. We want to show 


hm G{{x^:)U) = G((a)^). 

>-oo 

Since the hrst condition is satished, we have that a is a limit of the sequence (aim)mGN- 
Since (xm)mGN is Cauchy, we know that limmi,...,m„-i>oo G((a;mi)r=i) exists, and thus by 
Lemma [4.2r b). we have 


hm G{{x^:)U) < G{{ar,). 


On the other hand, by Lemma fd.lf bh we also have 

n 

G(«) < G((a:„.)r.,) + ^(G((i.„,)r‘,a)-G((x™,)n) 


j=i 


G(«) < Mm G((i„,)“.,) + 5^ Mm (G((x„,)Ma)-G((x„,);)) 

mi,...,mn^oo ^ ^ rrij^oo 

(by the second condition). 


i=i 


lim 


Thus, hmmi,...,m„^-oo G{{xmi)'^=i) = G((a)i), and hence a is a special limit of (xm)meN- □ 


Finally, we have the equivalence of (sep) and (sep’). 


Lemma 4.7. The condition (sep) is equivalent to the following condition: 
(sep’) G{{x)f) = ■■■ = G((x)"■^ (y)^) = ■ • ■ = G{{y)f) x = y. 


Proof. It is trivial to check that (sep) (sep’). 

For the converse, assume that G{{x)f~^.,y) = G((x)") and G((i/)"“^,x) = G{{y)f). We 
want to show x = y. By condition (sep’), it suffices to show that 

G((x)^^ {y)’l) = Giiyr,) for all 0 < A: < n. 

Fix 0 < A: < n. By two applications of Lemma fd.lf b). we obtain 

n—k 

G({x)r\ < G({y)r) + Y,(G({y)r\x) - G({y)V) = G({j,)J) 

3 = ^ 
n—k 

G(fe)?) < G((x)r‘, (!,);) + Y,iG{{x)';-\ y) - g((x)V) = g( (»)?). 

i=i 

Thus, G((x}^~^, (y)^) = G{{y)f) for all 0 < /c < n. Consequently, (sep’) (sep). □ 


5. Cauchy Mapping Theorems 

In this section, we prove our two main theorems — Theorem 12.61 and Theorem 12.71 But 
before that we need a couple of lemmas. 

Lemma 5.1. Let {X, G) be a partial n-metric space, Xq & X be an element, and / : X —)■ 
X be a map such that f is Cauchy at Xq with special limit a. If f is non-expansive, then 
G{{a)f-\ fa) = G{{a)f) and G{{fa)r\a) < G{{a)f). 
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Proof. By condition (ssd), we have that G{{a)f) < G{{a)f ^,fa). Conversely, for any 
hxed m G M, we have by condition (ptri) 

Gi{a)f-\fa) < G'((a)r\r+'xo) + G((r+'xo)r',/a)-G((r+ia;o)?) 

< G{{a)f-\ r+'xo) + G{{rxo)r \«) - G((r+'xo)^). 

The last step is dne to the non-expansiveness of /. Taking the limit as m —)■ cxo and nsing 
Lemma [4.31 we obtain 

G{{a)f-\fa) < hm G{{a)f-\ + lim G((rxo)r\a)- lim G{{r^^xo)f) 

m—>-oo m—^oo m—>-oo 

= G'((a)-) + G((aK)-G((aK) 

= G{{a)f). 

Conseqnently, we have G{{a)f~^, fa) = G{{a)i). 

On the other hand, for every fixed m G N, we also have by condition (ptri) again 


G{{fa)f-\a) < G((/a)r\r+^xo) + G((r+^xo)r\a)-G((r+^xo)?) 

< G{{a)r\rxo) + G{{r+^xo)r \«) - Gur+^xom. 

Taking the limit as m —)■ cxo and nsing Lemma 14.31 again, we obtain that 
G'((/a)r\a) < lim G{{a)f-\ rxo) + lim G((r+'xo)r', a) - lim G((r+'xo)?) 

m—>-oo m^oo m—>-oo 

= G((a)-) + G((a)")-G((a)") 

= G{{a)f). 


And thus, we have G{{fa)f ^,a) < G((a)"). 


□ 


Lemma 5.2. Let (X, G) be a partial n-metric space, xq & X be an element, and / : X —)■ 
X be a map such that f is Cauchy at xq with special limit a. If f is orbitally continuous 
at Xq for a, then G{{fa)i~^,a) = G{{fa)i) and G{{a)f~^, fa) < G{{fa)i). 

Proof. Observe that since / is orbitally continuous at Xq for a, we have that fa is a limit 
of (/™'Xo)mGN (and not necessarily a special limit). 

By condition (ssd), we have that G{{fa)f) < G{{fa)f ^,a). Conversely, for any fixed 
m G N, we have by condition (ptri) 

G{{fa)r\a) < G((/a)r\rxo) + G((rxo)r\a)-G((rxo)^). 

Taking the limit as m ^ oo and using Lemma 14.31 we obtain that 

Gi{fa)f-\a) < hm G((/a)r\^X q) + lim G((rxo)r', a) - hm G{{rxo)f) 

m^oo m^oo m—)-oo 

= G{{fa)f) + G{{a)f)-G{{ar,) 

= G{{fa)f). 

Consequently, we have G{{fa)f~^,a) = G{{fa)f). 

On the other hand, for any fixed m G N, we have by condition (ptri) and Lemma ITlT c). 

G((a)^^/a) < G((a)^^rxo) + G'((rxo)^^/a)-G((rxo)^) 

< G((a)^^ rxo) + (n - 1) G((/a)^^ /^Xo) - (n - 2) G((/a)") 

-G{{rxo)f). 
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Taking the limit as m —>■ oo and using Lemma 14.31 again, we obtain that 

G{{a)r\fa) < hm G{{a)r\rxo) + {n-l) hm G{{fa)r\rxo) 

m^oo m—>-oo 

- hm G((rTo)?)-(n-2)G((/a)”) 

m—)-cxD 

= G((a)^) + (n - 1) Giifa)-) - G((a)?) - (n - 2) G((/a)^) 

= Giifan). 

And thus, we have G{{a)i~^, fa) < G{{fa)i). □ 

We are now ready to prove our main theorems. 

Proof of Theorem 12.61 

Proof. We deal with the three cases separately. 

Case I: / is non-expansive and orbitally continuous at Xq for a. 

Since / is non-expansive, it follows by Lemma ISTl that G{{a)i~^, fa) = G((a)”). 

Since / is orbitally continuous at xo for a, it follows by Lemma 15.21 that 

G((/a)r\a) = G((/a)^). 

Thus, by condition (sep), we have that fa = a, i.e., a is a hxed point of /. 

Case II: / is orbitally continuous at xq for a and the self distances of {X, G) are bounded 
below by G{{fa)^). 

Since / is orbitally continuous at Xq for a, it follows by Lemma 15.21 that 
G((/a)r\a) = G((/a)7) and G((a)r\/a) < G((/a)^). 

Since the self distances of {X, G) are bounded below by G((/a)”), it follows that 

G((/a)7) < G((a)^). 

By condition (ssd), we have that G((a)”) < G((a)”“^,/a). 

Combining all of these together, we get that G((a)”“^, fa) = G((a)”). 

Consequently, by condition (sep), we have that fa = a, i.e., a is a hxed point of /. 

Case III: / is non-expansive and the self distances of {X, G) are bounded below by 
G({a)-). 

Since / is non-expansive, it follows by Lemma [5. II that 

G((a)r\/a) = G((a)n and G((/a)r\a) < G((a)7). 

Since the self distances of {X, G) are bounded below by G((a)”, it follows that 

G{{am < G((/a)"). 

By condition (ssd), we have that G{{fa)f) < G((/a)"“^, a). 

Combining all of these together, we get that G((/a)”“^,a) = G{{fa)f). 

Hence, by condition (sep), we have that fa = a, i.e., a is a hxed point of /. □ 


Proof of Theorem 12.71 
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Proof. We deal with the two cases separately. 

Case I: / is non-expansive. 

Since / is non-expansive, it follows by Lemma [5. II that 

G{{a)r\fa) = G{{a)f). 

Since (X, G) is strong, it then follows by condition (sssd) that fa = a. 


Case II: / is orbitally continuous at Xq for a. 

Since / is orbitally continuous at Xq for a, it follows by Lemma [5.21 that 

G{{fa)r\a) = G{{fa)f). 

Since {X, G) is strong, it then follows by condition (sssd) that fa = a. 


□ 


6. Orbitally r-coNTRACxivE maps 

Let {X, G) be a partial n-metric space. In the previous section, we showed the existence 
of a fixed point for a function / : X —)■ X under the assumption that there is an element 
Xq E X such that / is Cauchy at Xq. In this section, we give an example of a particular class 
of functions, which we call “orbitally r-contractive”, that in fact satisfies this condition. 
Lemma [^^ establishes this claim. These functions are our analogues of contractive (rather, 
orbitally contractive) functions suitable to our context. 

Definition 6.1. Take a partial n-metric space (X, G), an element Xq G X, a number 
r G M, and a map / : X —)■ X. We say / is orbitally r-contractive at xq if there exists a 
real number c with 0 < c < 1 such that the following two conditions hold for all m E N: 

• r < G((/'"xo)i) 

• G((/™xo)i"\/'"+^xo) < r + c”"|G((xo)i“\/xo)|. 

And we say / is orbitally r-contractive if / is orbitally r-contractive at every x E X. 

Lemma 6.2. For each partial n-metric space (X, G), element xo E X, real number r G M, 
and map / : X —)■ X orbitally r-contractive at Xq, the orbit (/™'Xo)mGN of Xq under f is a 
Cauchy sequence in (X, G) with G{{f"^Go)^^i) = r. 

Proof. Since / is orbitally r-contractive at Xq, there is 0 < c < 1 such that for all m G N 

r < G{{rx„) 1 ) 

G{{rxa)r\r*'x„) < r + c"'|G((i„>r‘,/io)|. 

Let mi , m 2 be arbitrary. Without loss of generality, we can assume m 2 > mi (a similar 
argument works if mi > m 2 ). Write m 2 = mi k 1 for some k > 0. Then we have 

G((r^xo)r',r=xo) 

= G'((rixo)r\r^+"+'xo) 

< G{{nxo)r\n^^xo) + G{{n+^xo)r \- Gun+^xon) 

< r + c^^ |G((xo)r\/xo)| + G((ri+ixo)r',r^+"+'xo) -r 

= iG((xo)r\/xo)i + G((ri+^xo)r',r^+"+'xo) 

< • • • 

< (c"^i -1- • • • -f |G((xo)r \ /xo)i + G{{n^^xo)r\ 
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< (£”» + ■■■ + |G((,T„)r‘, /,T„)| + r + c™+‘|G((i„)r‘, fx„)\ 

= (c”‘ + ■ ■ ■ + |G((i„>r‘, fx„)\ + r 

1 _ p/c+1 

= r + c^^- - \G{{xo)r\fxo)\ 

1 — c 

Taking the limit as mi oo, the right hand side of the above inequality goes to r (since 
0 < c < 1). Since also r < G{{f"^^xo)^) < G{{f^^xo)i~^, f'^'^xo) for all m-i, m 2 , we have 

hm G{{nxo)r\n^o)=r. 

mi , 7712^00 

By Lemma [4.51 we thus obtain 

hm G((r*xo)r=i) = r, 

and hence (/"*xo)mGN is Cauchy. □ 

It thus follows that an orbitally r-contractive map is Cauchy for every r G M. Because 
of this property, the orbitally r-contractive functions provide more examples of fixed point 
theorems. But for that we need the existence of special limits. The following weakening 
of completeness suffices for our fixed point theorems to work. 

Definition 6.3. Given a partial n-metric space (X, G) and a map / : X —)• X, the space 
(X, G) is called orbitally complete for f if every Cauchy sequence in (X, G) of the form 
(/™Xo)meN, for Xo G X, has a special limit a G X. 

Combining this with the results of the previous section, we obtain the following. 

Corollary 6.4. Let (X, G) be a partial n-metric space, r G M, Xq G X and / : X —)■ X 
be a map such that f is orbitally r-contractive at Xq and (X, G) is orbitally complete for 
f. Further assume that one of the following holds: 

(1) / is non-expansive and orbitally continuous at xq; 

(2) / is non-expansive and the self distances of {X,G) are bounded below by r. 

Then there exists a G X such that fa = a and G{{a)f) = r. 

Proof. By Lemma 16.21 the orbit (/™'Xo)mGN of Xq under / is a Cauchy sequence with 
limmi,...,m„^oo G'((/™'“Xo)”=i) = r. Since (X, G) is orbitally complete for /, there is an 
element a G X such that a is a special limit of (/”^xo)mgN- By Definition 12.21 we have 

G((a)^) = hm G((r'Xo)r=i) = r. 

Finally, by Theorem 12.61 we have fa = a, i.e., a is a fixed point of /. □ 

An analogous proof using Theorem 12 . 71 instead of Theorem 12.61 then gives the following. 

Corollary 6.5. Let (X, G) be a strong partial n-metric space, r G M, xq G X and 
/ : X —)■ X be a map such that f is orbitally r-contractive at xq and (X, G) is orbitally 
complete for f. Further assume that one of the following holds: 

(1) / is non-expansive; 

(2) / is orbitally continuous at Xq. 
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Then there exists a & X such that fa = a and G((a)”) = r. 

7. Orbitally ^^-contractive maps 

In this section, we define another class of functions, which we call “orbitally (pr- 
contractive”, that also satisfies the property of being Cauchy and for which we get similar 
fixed point theorems. Lemma 17.21 establishes this claim. This definition generalizes the 
corresponding definition used in [1] for partial metric spaces. 

Definition 7.1. Take a partial n-metric space {X,G), an element Xq E X, a. number 
r G M, and a map f : X ^ X. We say / is orbitally pr—contractive at Xq if there exists 
a continuous non-decreasing function p : [r, cxo) —)■ [0, cxd) with p{r) = 0 and p{t) > 0 for 
alH > r such that the following two conditions hold for all mi, m 2 G N 

• r < G((/'"Wo)i) 

. G{{n+^xo)r\n^\^)) < G'((rwo)r\r^To) -0(G((rwo)r\r^xo)). 

We say / is orbitally pr—contractive if it is orbitally 0^—contractive at every x E X. 

Lemma 7.2. For each partial n-metric space (X, G), element xo E X, real number r G M, 
and map / : X —)■ X orbitally pr-contractive at xq, the orbit (/™'Xo)mGN of xo under f is 
a Cauchy sequence in (X, G) with hmmi,...,m„-i>oo G((/™“Xo)"=i) = r. 

Proof. Set Xm+i := fxm for m eN. 

Let p : [r, cxd) —)■ [0, 00) witness the fact that / is orbitally ^^-contractive at xq. In 
particular, ^ is a continuous non-decreasing function with p{r) = 0 and p{t) > 0 for all 
t > r. Then, for all m G N, we have 

r < G{{Xm+2)l) < G{{Xm+2)l~^,Xm+l) < G((Xm+l)i”\ X^) - p{G{{Xm+l)i~^, Xm)) ■ 

Set tm ■= G{{xm+i)i~^, Xm)- Then one obtains 

(1) X ^ tjji+1 C: tm Pipm) Ci tm- 

This implies that (fm)meN is a non-increasing sequence of real numbers bounded below 
by r, and hence converges to some L > r. We claim that L = r : otherwise L > r, and 
hence p{L) > 0. Since p is non-decreasing, we get p{L) < p{tm) for all m E N. Due to 
([I]), we have tm+i < tm - Pitm) <tm- P{L), and so 

tm+2 — tm+1 P(tm+l') — tm P{trri) Pipm+l) Ci tm 

Inductively, we obtain tm+k < tm — kp{L), which is a contradiction for large enough k eN. 
Thus, we have p{L) = 0, and hence L = r. Consequently, limm-j .00 G((xm+i)i~^, Xm) = r. 
Now we show that 

lim G{{xmi)i~^,Xm 2 ) = r. 

mi ,7772^00 

Suppose it is not the case. Then there exists Cq > r and two sequences of integers 
(mi(fc))fcgN and (m 2 (fc))fceN such that mi{k) > m 2 {k) > k and 

(2) 


(^mi(fc)) 1 1 ^m2(k)^ ^ ^0 
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for all k G N. Since limm->.oo G((xm+i)i ^,Xm) = r, we can also assume without loss of 
generality that G{{xmi{k)-i)i~^, Xm 2 ik)) < Co for each k eN. Thus, we have 

Co ^ 'Sfc G^(xYni{k)) \ )Xm2(k)) 

^ (j(T f?((Tmi(A:) —l)l iXm2(k)) (^^mi(fc)—1) 1 ) 

^ fmi(fc )—1 T Cq T 
< tk + eo-r. 


Since limfc_).oo tk = r, we have limfc_).oo(4 + “ r) = r + cq — r = cq. Consequently, 


lim Sk = eo. 

/c—>-oo 


On the other hand, by Lemma fd.lf b). we have 

^k (^mi (fc)) 1 ) ^m2(fc)) 

^ (j( (Xmi(fc)+l) 1 ) 3^7712 (fc)+l) T (f^( (^m2(fc)+l) 1 iXm2{k)) (^m2(fc)+l) 1 ) ) 

n—1 

T ^ ^ (f^((^mi(A:)+l)l jXmi(k)) (^mi(fc)+l) 1)) 

i=i 

^ (n 1) fmi(fe) T ^m2{k) Tir T , XYn2{k)+l) 

^ 'kltk Tir -|- (j( iXfn2{k)) (^mi (fc)) 1 j ^m2(fc))) 

= nffc - nr + Sfc - 0 (sa:) 


0(Sfc) 


< ntk — nr. 


Again, since limfc_j,ootfc = r, we have limfc^oo(R4 — Rf) = nr — nr = 0. Since (j){sk) > 0 for 
all fc G N (by the definition of 0), we get that lim/j^oo 0(sfc) = 0. Since (j) is continuous, it 
then follows that 

0 = lim (f){sk) = </>( lim Sk) = 0(eo), 

k—^oo \ k^oo / 

which contradicts the fact that eo > r. Hence, limmi,m 2 ^-oo G((x^,)r\x^J=r. 

By Lemma [4.51 we thus obtain 


lim G{{xmTi=^ = A 

>-oo 

and hence (/'"xo)mGN is Cauchy. 


□ 


It thus follows that an orbitally (/)r-contractive map is Cauchy for every r G M. Because 
of the Cauchy property, the orbitally ^^-contractive functions provide further examples 
of hxed point theorems. By similar proofs as we had for Corollaries 16.41 & 16.51 we obtain 

Corollary 7.3. Let (X, G) be a partial n-metric space, r G M, Xq G X, and / : X —)■ X 
be a map such that f is orbitally (pr-contractive at xq and (X, G) is orbitally complete for 
f. Further assume that one of the following holds: 

(1) / is non-expansive and orbitally continuous at xq; 

(2) / is non-expansive and the self distances of {X,G) are bounded below by r. 

Then there exists a G X such that fa = a and G{{a)f) = r. 
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Corollary 7.4. Let (X, G) be a strong partial n-metric space, r G M, xq G X, and 
f : X ^ X be a map such that f is orbitally (pr-contractive at Xq and {X,G) is orbitally 
complete for f. Further assume that one of the following holds: 

(1) / is non-expansive; 

(2) / is orbitally continuous at xq. 

Then there exists a E X such that fa = a and G((a)”) = r. 

8. n-METRIC SPACE 

Finally, in this last section, we give a new definition of an n-metric space that generalizes 
the notion of a metric space. This definition is weaker than the definition of a generalized 
n-metric given by Khan [7] . In particular, our n-metric is not required to satisfy condition 
[G3] of Khan’s definition. 

Definition 8.1. Let (X, (7) be a partial n-metric space. We say (X, G) is an n-metric 
space if for all x G X, we have 

G{{xK) = 0 . 

We have the following result. 

Lemma 8.2. Let (X, G) be an n-metric space. Then for all x,y E X with x ^ y, we have 

G{{x)f-\y) > Q. 

Proof. Let x,y E X with x ^ y. 

By condition (sep), we have G((x)"“^,i/) > G((x)") = 0. 

For a contradiction, let us assume that G{{x)f~^,y) = 0, i.e., G{{x)f~^,y) = G{{x)i). 
By Lemma [4.If c). we obtain 

0 < G{{y)r\ x) < (n - 1) G{{x)r\y) - {n - 2) G((x)”) = 0, 
i.e., G{{y)f-\x) = 0 = G{{y)^). 

By condition (sep), it follows that x = y, which gives our required contradiction. □ 

As before (cf. Lemma [3.Sp . one can define a metric dc : X x X —)■ on an n-metric 

space (X, G) as follows: 

dcix, y) := G((x)^"\ y) + G{{y)f-^, x). 

Let us denote the corresponding metric topology induced by do on X as r[dG]. Then we 
have the following result. 

Proposition 8.3. Let (X, G) be an n-metric space. Then the topologies t[G] and ride] 
are the same. 

Proof. Fix X G X and e > 0. Let us denote the open ball with center x and radius e in 
the topology t[G] by Sf (x) and that in the topology ride] by Bf^{x), i.e., 

Bf{x) = {yEX\G{{x)r\y)<e} 

B'^°{x) = {y E X \dG{x,y) < e}. 

S9(x) C Sf«(x) C (x). 


We now show that 
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which suffices to show that the two topologies t[G] and ride] are the same. 

It follows trivially from the dehnition of do and the fact that ,y) > 0 for all 

x,y & X that 

B^^{x) C B^{x). 

On the other hand, we have by Lemma Id.lf cl that 

deix, y) = G{{x)r\ y)+G{{y)r\ x) < G{{x)r\ y)+{n-l)G{{x)r\ v) = nG{{x)r\y). 

And hence, it follows trivially that B9{x) C Bf‘^(x). □ 

n 

Now we give an example of a two-point 5-metric space to illustrate the fact that the 
value of G can be negative on certain tuples even though all the self-distances are zero. 
This also illustrates the fact that our axioms for a partial n-metric do not require the 
images of all n-tuples under G to be comparable, even in an n-metric space {X,G). 
Finally, this also illustrates why our dehnition is weaker than that of Khan’s. 

Example 8.4. Let X = {a, 6} be a two-point space. Dehne G : X^ —)■ M as follows: 

G{a, a, a, a, a) = 0 G{b, b, b, b,b) = 0 

G{a, b, b, b,b) = 4: G{b, a, a, a, a) = 3 

G{a, a, b, b,b) = 2 G{b, b, a, a, a) = —1. 

Extend G to the other tuples using condition (sym). 

Observe that G{b, b, a, a, a) = —1 < 0. 

We leave it to the reader to verify that (X, G) is indeed a 5-metric space. 
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